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In this paper we study the effect of extensibility on the vibration characteristics of a spatial buckled rod
(elastica) under edge thrust and supported by spherical hinges at the ends. The nonlinear equations of
motion are written within the framework of director theory. The elastica in question admits only plane
deformations. There are three types of vibration modes, in-plane, symmetric out-of-plane, and anti-sym-
metric (twisting) out-of-plane. Most of the natural frequencies decrease as the end shortening increases,
except the ﬁrst in-plane mode without a nodal point. This mode is inadmissible in an inextensible elastica.
This may be considered a ﬂaw in the inextensible elastica model when dynamic behavior is concerned. In
the limit case when the static deformation is small, a small-deformation theory taking into account axial
extensibility is formulated and compared with the elastica model. The natural frequency of the ﬁrst in-
plane mode derived from small-deformation theory agrees very well with the one calculated from the
extensible elastica model in the post-buckling range. However, all others are found to be independent of
end shortening. This obviously unreasonable result is due to the limitation of small-deformation theory.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Vibration of rods is an important subject in engineering analysis
and design (Den Hartog, 1956). The natural frequencies of a uni-
form straight beam subject to various boundary conditions can
be found in elementary textbooks (Graff, 1991). When the straight
beam is under conservative edge thrust, the geometric stiffening
effect has to be considered in calculating the natural frequencies.
In general, the natural frequencies decrease as the conservative
edge thrust increases. These results can be obtained by solving
the linearized equations of motion within the framework of a
small-deformation theory.
When the edge thrust is beyond the buckling load, the beam
buckles into a curved conﬁguration. In order to study the vibration
of a buckled beam, an elastica model taking into account exact
geometry is usually adopted. Very often, the elastica is assumed
to be inextensible. The vibration of an inextensible elastica has
been studied by many researchers (Perkins, 1990; Patricio et al.,
1998; Plaut et al., 2004; Santillan et al., 2006; Chen and Lin,
2008; Chen and Ro, 2009; Ro et al., 2010; Chen and Wu, 2011).
The vibration analyses cited above, either small-deformation the-
ory or inextensible elastica model, are focused on the case when
the buckled beam deformation is limited to a plane, and the vibra-
tion mode shapes are in the same plane.Compared to the extensive study on the planar elastica, the
vibration analysis of the spatial elastica is relatively rare. Lu and
Perkins (1994) used Hamilton’s principle to formulate the equa-
tions of motion of a spatial elastica in a Serret–Frenet triad and
used the Galerkin method to calculate the natural frequencies of
a rod supported by spherical hinges. Cusumano and Moon (1995)
investigated the chaotic non-planar vibration of a thin elastica.
Plaut and Virgin (2004) studied the three-dimensional vibration
of a vertical half-loop under self-weight. Fang and Chen (2013)
studied experimentally and numerically the natural frequencies
of a spatial elastica with adjustable end slopes. In these works
the spatial elastica was assumed to be inextensible, the so-called
Kirchoff–Clebsch–Love model.
In some applications, the axial compressibility of the elastica
should be taken into account. For instance, parametric resonance
may occur when the axial deformation is coupled with ﬂexural
vibration (Cull et al., 2000). Hockling may occur in seabed laying
when the cable is under remote end tension and twist (Stump,
2000). Chaotic response can be observed when an extensible con-
ducting rod is excited in a magnetic ﬁeld (Sinden and van der Heij-
den, 2009). Although the importance of axial extensibility has been
noted in these applications, the fundamental dynamic characteris-
tics of an extensible spatial elastica, such as the natural frequencies
and mode shapes, have never been studied before.
In this paper we calculate the natural frequencies and mode
shapes of an extensible spatial elastica supported by spherical
hinges at the ends. Attention is placed on the effect of axial
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the limit case when the static deformation is small, the natural fre-
quencies and mode shapes are studied analytically with a small-
deformation theory. The results from the three theories, extensible
elastica, inextensible elastica, and small-deformation theory, are
compared and discussed.
2. Governing equations
We consider a uniform elastic rod with length L before deforma-
tion. The cross section of the rod is circular with area A and mo-
ment of inertia I. The Young’s modulus, shear modulus, and mass
density per unit volume of the rod are E, G, and l, respectively.
The rod is straight initially when it is stress-free. We assume that
the rod is compressed by axial force P⁄ at the ends and buckles with
the two ends being brought closer by a distance e⁄. After this
deformation, both ends of the buckled beam are ﬁxed in space by
spherical hinges, which allow rotation in any direction. A
space-ﬁxed x⁄y⁄z⁄-coordinate system with origin attached to the
left end O is chosen to describe the geometry of the rod. The x⁄-axis
is pointing in the longitudinal axis of the rod before deformation.
The inertial orthonormal frame {ex, ey, ez} is associated with the
x⁄y⁄z⁄-coordinate system. The location of a material point on the
neutral axis of the deformed rod is denoted by arc length s⁄ mea-
sured from end O.
A body-ﬁxed right-handed orthonormal frame {d1, d2, d3} is
chosen in such a manner that vector d3 is in the direction of the lo-
cal tangent of the deformed neutral axis. Vectors d1 and d2 are in
the normal cross section of the rod and rotating along with the
cross section. When the rod is in the unstressed straight state,
the frame {d1, d2, d3} coincides with the frame {ex, ey, ez} in such
a manner that d3  ex, d1  ey, and d2  ez. {d1, d2, d3} are called
directors. The deformed neutral axis is a space curve deﬁned by po-
sition vector R⁄(s⁄, t⁄), where t⁄ is time. R⁄ can be related to local
tangent d3 as (Dill, 1992)
R0 ¼ 1þ eðs; tÞ½ d3 ð1Þ
()0 in Eq. (1) represents the derivative with respect to s⁄. e(s⁄, t⁄) is
the relative change of length, or the axial strain, which can be cal-
culated from
eðs; tÞ ¼ F
  d3
EA
ð2Þ
F⁄(s⁄, t⁄) is the internal force vector.
The balances of linear and angular momentums of the extensi-
ble spatial elastica can be written as (Dill, 1992)
F0ðs; tÞ ¼ lA€Rðs; tÞ ð3Þ
M0ðs; tÞ þ 1þ eðs; tÞ½ d3ðs; tÞ  Fðs; tÞ
¼ lI d1ðs; tÞ  €d1ðs; tÞ þ d2ðs; tÞ  €d2ðs; tÞ
h i
ð4Þ
M⁄(s⁄, t⁄) is the internal moment vector. The overhead dots in Eqs.
(3) and (4) represent temporal derivatives.
For simplicity of presentation, we introduce the following
dimensionless variables (without asterisks):
ðR; s; eÞ ¼ 1
L
R; s; eð Þ; M ¼M
L
EI
; F ¼ F
L2
EI
; c ¼ GJ
EI
;
m ¼ 2
L
ﬃﬃﬃ
I
A
r
x ¼ L2
ﬃﬃﬃﬃﬃﬃ
lA
EI
r
x; t ¼ 1
L2
ﬃﬃﬃﬃﬃﬃ
EI
lA
s
t ð5Þ
c is a material parameter. m is a slenderness parameter. x is a
dimensionless natural frequency and t is time. After substituting
relations (5) into Eqs. (1), (3), and (4), we have the dimensionless
vector equationsR0ðs; tÞ ¼ ½1þ eðs; tÞd3ðs; tÞ ð6Þ
F0ðs; tÞ ¼ €Rðs; tÞ ð7Þ
M0ðs; tÞ þ ½1þ eðs; tÞd3ðs; tÞ  Fðs; tÞ
¼ 1
4
m2 d1ðs; tÞ  €d1ðs; tÞ þ d2ðs; tÞ  €d2ðs; tÞ
h i
ð8Þ
In addition, the constitutive equations for bending and twisting can
be written in the forms (Fang and Chen, 2013)
d01ðs; tÞ ¼Mðs; tÞ  d1ðs; tÞ þ
1 c
c
 
½Mðs; tÞ  d3ðs; tÞ½d3ðs; tÞ
 d1ðs; tÞ ð9Þ
d02ðs; tÞ ¼Mðs; tÞ  d2ðs; tÞ þ
1 c
c
 
½Mðs; tÞ  d3ðs; tÞ
 ½d3ðs; tÞ  d2ðs; tÞ ð10Þ
d03ðs; tÞ ¼Mðs; tÞ  d3ðs; tÞ ð11Þ
The function e (s, t) in Eqs. (6) and (8) can be obtained from
eðs; tÞ ¼ 1
4
m2ðF  d3Þ ð12Þ
In the following, we expand all vectors in component forms
within the fex; ey; ezg frame. For instance,
R ¼ ðx; y; zÞ ð13Þ
di ¼ ðdix; diy; dizÞ ði ¼ 1;2;3Þ ð14Þ
M ¼ ðMx;My;MzÞ ð15Þ3. Vibration analysis
It is assumed that the static solutions of the buckled rod are
known. They are denoted eeðsÞ, ReðsÞ, FeðsÞ, MeðsÞ, d1eðsÞ, d2eðsÞ,
and d3eðsÞ. We superpose small harmonic perturbations onto these
static solutions in the forms, for example,
eðs; tÞ ¼ eeðsÞ þ edðsÞ sinxt ð16Þ
After substituting the superposed variables into Eqs. (6)–(12) and
ignoring higher order terms, one obtains the linearized equations
R0dðsÞ ¼ ½1þ eeðsÞd3dðsÞ þ edðsÞd3eðsÞ ð17Þ
F0dðsÞ ¼ x2RdðsÞ ð18Þ
M0dðsÞ ¼ ½1þ eeðsÞ½FeðsÞ  d3dðsÞ þ FdðsÞ  d3eðsÞ þ edðsÞ
 ½FeðsÞ  d3eðsÞ þ 14x
2m2½d1dðsÞ  d1eðsÞ þ d2dðsÞ
 d2eðsÞ ð19Þ
d01dðsÞ ¼MeðsÞ  d1dðsÞ þMdðsÞ  d1eðsÞ
þ 1 c
c
 
½MeðsÞ  d3eðsÞ½d3eðsÞ  d1dðsÞ þ d3dðsÞf
 d1eðsÞþ½d3eðsÞ  d1eðsÞ½MeðsÞ  d3dðsÞ
þMdðsÞ  d3eðsÞg ð20Þ
d02dðsÞ ¼MeðsÞ  d2dðsÞ þMdðsÞ  d2eðsÞ
þ 1 c
c
 
½MeðsÞ  d3eðsÞf ½d3eðsÞ  d2dðsÞ þ d3dðsÞ
 d2eðsÞþ½d3eðsÞ  d2eðsÞ½MeðsÞ  d3dðsÞ þMdðsÞ  d3eðsÞg ð21Þ
Fig. 1. Relation between edge thrust P and end shortening e for an elastica with
spherical hinge supports. Dashed and solid lines represent deﬂections of inexten-
sible and extensible elasticas, respectively.
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edðsÞ ¼ 14 m
2½FeðsÞ  d3dðsÞ þ FdðsÞ  d3eðsÞ ð23Þ
The six linearized vector differential equations (17)–(22) admit
nontrivial solutions only when the frequencyx is equal to an eigen-
value of the system of equations. The unknowns to be found are the
6 vector functions RdðsÞ, FdðsÞ, MdðsÞ, d1dðsÞ, d2dðsÞ, and d3dðsÞ.
4. Load–deﬂection curves
Before conducting vibration analysis, one needs to ﬁnd the sta-
tic deformation. In static analysis, the acceleration terms in Eqs. (7)
and (8) are neglected. From Eq. (7) we know that the internal force
F is a constant vector. One only needs to solve the four ﬁrst-order
differential vector equations (6), (8), (9), and (11) for the four vec-
tor functions ReðsÞ, MeðsÞ, d1eðsÞ, and d3eðsÞ.
The boundary conditions for spherical hinge supports at end
s = 0 can be written as
Rð0Þ ¼ ð0;0;0Þ ð24Þ
Mð0Þ ¼ ð0;0;0Þ ð25Þ
The deformation of a spatial rod under spherical hinge supports can
only be a plane curve. We assume that the buckled rod is in the xy-
plane and is symmetric with respect to the midpoint. This implies
the conditions
Fyð0Þ ¼ 0 ð26Þ
Myð0:5Þ ¼ 0 ð27Þ
d1zð0:5Þ ¼ 0 ð28Þ
d3yð0:5Þ ¼ 0 ð29Þ
zð0:5Þ ¼ 0 ð30Þ
The end shortening e under edge thrust P can be written as
e ¼ 1 2xð0:5Þ ð31Þ
We denote Fð0Þ ¼ ðFx0; Fy0; Fz0Þ and dið0Þ ¼ ðdix0;diy0;diz0Þ. The three
additional constraints on the components of dið0Þ (i = 1, 3)are
noted;
d21x0 þ d21y0 þ d21z0 ¼ 1 ð32Þ
d23x0 þ d23y0 þ d23z0 ¼ 1 ð33Þ
d1x0d3x0 þ d1y0d3y0 þ d1z0d3z0 ¼ 0 ð34Þ
For a prescribed end displacement e, a shooting method can be
used to solve for the deformation of the buckled rod with speciﬁed
material parameter c. After making guesses on eight parameters
Fx0, Fz0, d3x0, d3y0, d3z0, d1x0, d1y0, and d1z0, one can integrate the four
equations (6), (8), (9), and (11) like an initial value problem from
s = 0 to 0.5. Eqs. (24)–(26) and the eight guessed parameters are
used as initial conditions. The eight equations (27)–(34) are used
to check the accuracy of the eight guesses. If the accuracy is not
satisfactory, a new set of guesses is adopted. A Newton–Raphson
algorithm is adopted to improve the convergence of the iteration.
After the solutions are obtained successfully, the end force P can
be calculated as P ¼ Fx0.
The solid line in Fig. 1 represents the relation between edge
thrust P and end shortening e for an extensible elastica with spher-
ical hinge supports. The material parameter c is 5/7. The slender-
ness parameter m is set at 1/50. The inset shows themagniﬁcation of the load–deﬂection curve near e = 0. The dashed
line represents the case when the elastica is inextensible, for which
eðs; tÞ ¼ 0. For an inextensible rod, buckling occurs at 9.870, or the
Euler buckling load p2. Before buckling occurs e remains zero. On
the other hand, the extensible rod is shortened ﬁrst with e increas-
ing from 0 to 0.000988 while P increases from 0 to 9.879. In this
stage the rod remains straight and the load–deﬂection curve in
Fig. 1 is a nearly vertical line. Starting from P = 9.879, buckling of
the rod occurs. It is noted that the buckling load Pcr = 9.879 of an
extensible rod can also be calculated from a closed-form formula
(Magnusson et al., 2001).
Pcr
PE
¼ 2
p2m2
 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
p4m4
 1
p2m2
r
ð35Þ
The buckling load of an extensible elastica is slightly greater than
the inextensible one. Excluding this difference near e = 0, axial
extensibility has little effect on the static equilibrium of the buckled
rod.
5. Natural frequencies and mode shapes
In solving for the natural frequencies of the buckled rod, all six
vector equations (17)–(22) are needed. Since both ends are ﬁxed in
space during vibration, the boundary conditions at s = 0 and 1 are
Mdð0Þ ¼ ð0;0;0Þ ð36Þ
Rdð0Þ ¼ ð0;0;0Þ ð37Þ
Rdð1Þ ¼ ð0;0;0Þ ð38Þ
Mdð1Þ ¼ ð0;0;0Þ ð39Þ
It is noted that the six linearized vector equations (17)–(22) are not
independent. The components of vectors d1, d2, and d3 are subject
to six constraints; they are jd1j ¼ 1, jd3j ¼ 1, d1  d3 ¼ 0 and
d2 ¼ d3  d1. These six constraints result in the following condi-
tions at s = 1;
d1eð1Þ  d1dð1Þ ¼ 0 ð40Þ
d3eð1Þ  d3dð1Þ ¼ 0 ð41Þ
d1dð1Þ  d3eð1Þ þ d1eð1Þ  d3dð1Þ ¼ 0 ð42Þ
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We denote Fdð0Þ ¼ ðFxd0; Fyd0; Fzd0Þ, didð0Þ ¼ ðdixd0; diyd0; dizd0Þ,
ði ¼ 1;2;3Þ. In the solution method we ﬁrst set Fxd0 ¼ 1. After
guessing 12 variables Fyd0, Fzd0, d1xd0, d1yd0, d1zd0, d2xd0, d2yd0, d2zd0,
d3xd0, d3yd0, d3zd0, and x2, one can integrate the homogeneous equa-
tions (17)–(22) from s ¼ 0 to s ¼ 1. The assigned Fxd0 ¼ 1, and
guessed Fyd0, Fzd0, d1xd0, d1yd0, d1zd0, d2xd0, d2yd0, d2zd0, d3xd0, d3yd0,
d3zd0, together with boundary conditions (36) and (37) provide
the needed initial conditions. The 12 conditions in Eqs. (38)–(43)
at s = 1 are used to check the accuracy of the 12 guesses. It is noted
that sometimes the term Fxd0 of a mode shape happens to be zero.
In such a case, the assignment Fxd0 ¼ 1 will yield no solution. When
this situation occurs, a different variable is set as 1 in the shooting
method; for instance, Fzd0 ¼ 1.
In Fig. 2 the dashed and solid lines represent the x2 of the inex-
tensible and extensible elasticas, respectively, as end shortening e
varies. First of all, there always exists a zero natural frequency x0,
which corresponds to a rigid body rotational mode. This is due to
the fact that when both ends are supported by spherical hinges,
the buckled rod is allowed to rotate freely about the axis passing
through the two ends. The mode shapes corresponding to x23 andFig. 2. Relation between x2 and end shortening e for an elastica with spherical
hinge supports. The dashed and solid lines represent inextensible and extensible
elasticas, respectively.
Fig. 3. The mode shapes corresponding to (a) x1, (b) x2, (c) x4, (d) x0, (e) x3, and (
conﬁgurations and the vibrating mode shapes, respectively. x1, x2, and x4 correspondx25 vibrate in the direction normal to the plane of the equilibrium
conﬁguration, called out-of-plane modes. On the other hand, the
modes corresponding to x21, x22, and x24 vibrates in the plane of
the equilibrium conﬁguration, called in-plane modes. x21 increases
as e increases. The other non-zero x2, from x22 up to x25, decrease
as e increases. The frequency loci near e = 0 are magniﬁed in the
inset.
The natural frequencies of the inextensible elastica (with e = 0)
are very close to those of the extensible elastica, except x1 of the
ﬁrst in-plane mode. In fact, the x1-mode does not exist in an inex-
tensible elastica supported by spherical hinges. Lu and Perkins
(1994) found x0, x2, and x3 for an inextensible rod under spher-
ical hinge supports with a different numerical scheme.
When the extensible rod ﬁrst buckles at e = 0.000988, the natu-
ral frequencies become degenerate in pairs, like x20 x21, x22 x23,
and x24 x25 (one out-of-plane and one in-plane). As e increases
from zero, the degeneracy is destroyed and the natural frequencies
separate.
Fig. 3(a)–(f) show the mode shapes corresponding to x0 up to
x5 in Fig. 2 when e = 0.1. The solid and dashed lines represent
the equilibrium conﬁgurations and the vibrating mode shapes,
respectively. For the in-plane modes of x1, x2, and x4, the num-
bers of nodal points are zero, one, and two, respectively. It is obvi-
ous that the mode in Fig. 3(a) cannot exist for an inextensible
beam, since it has a constant sign of curvature and it has no nodes.
Similarly, the numbers of nodal points of the out-of-plane modes
x0, x3, and x5 increase incrementally from zero to two. The out-
of-plane modes can be further separated into two types: (1) sym-
metric with respect to a plane at the center of the elastica that is
perpendicular to the plane of the buckled elastica (Fig. 3(d) and
(f)), and (2) anti-symmetric with respect to that plane which
may be also called twisting modes (Fig. 3(e)).
It is noted that x2 and x3 become degenerate again with both
frequencies vanishing when the two ends meet at e = 1. Fig. 4(a)
and (b) show the mode shapes of modes x2 and x3 when e = 1.
The x2-mode (in-plane) rotates about the z-axis. The x3-mode
(out-of-plane) rotates about the y-axis.
It is noted that the slenderness parameter m plays a role in the
vibration characteristics of the extensible elastica; see Eqs. (19)
and (23). From Eq. (23) it is conjectured that the extensibility effect
diminishes as m approaches zero (i.e. a very slender rod). To see this
we calculate x21 for several small end shortenings e as m changes
from 0 to 0.04, as shown in Fig. 5. It is seen that x21 approaches
inﬁnity quickly as m approaches zero. It is reminded from Fig. 2 thatf) x5 in Fig. 2 when e = 0.1. The solid and dashed lines represent the equilibrium
to in-plane modes. x0, x3, and x5 correspond to out-of-plane modes.
Fig. 4. The mode shapes corresponding to (a) x2 and (b) x3 when e = 1. The solid
and dashed lines represent the equilibrium conﬁgurations and the vibrating mode
shapes, respectively.
Fig. 5. Relation between x21 and slenderness parameter m for several small end
shortenings e.
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appears to be a straight line in Fig. 2. Based on the fact demon-
strated in Fig. 5, it is expected and proved numerically that the
slope of the x21-loci in Fig. 2 approaches1 (a vertical line) as m ap-
proaches zero. According to additional calculations not shown
here, the slenderness parameter has little effect on other natural
frequencies.6. Small-deformation analysis
In the limit case when the static deformation of the buckled rod
is small, it is possible to derive its natural frequencies in closed
forms. After ignoring the rotary inertia terms on the right-hand
side of Eq. (8) and assuming that ðdydxÞ
2
<< 1 and ðdzdxÞ
2
<< 1, the
extensible elastica equations (6)–(12) may be reduced to the equa-
tions of motion of the buckled beam in the y- and z-directions,
€yðx; tÞ þ y0000ðx; tÞ þ PðtÞy00ðx; tÞ ¼ 0 ð44Þ
€zðx; tÞ þ z0000ðx; tÞ þ PðtÞz00ðx; tÞ ¼ 0 ð45Þ
ð Þ0 in Eqs. (44) and (45) represents derivative with respect to x. The
axial force P can be calculated from axial contraction as
PðtÞ ¼ 4
m2
e 1
2
Z 1
0
y0ðx; tÞ2 þ z0ðx; tÞ2
h i
dx
 
ð46Þ
The buckled beam is supported by spherical hinges at the ends. The
corresponding boundary conditions in the y and z directions areyð0Þ ¼ y00ð0Þ ¼ yð1Þ ¼ y00ð1Þ ¼ 0 ð47Þ
zð0Þ ¼ z00ð0Þ ¼ zð1Þ ¼ z00ð1Þ ¼ 0 ð48Þ
The solutions of Eqs. (44) and (45) can be written in the forms
yðx; tÞ ¼ anðtÞ sinnpx ð49Þ
zðx; tÞ ¼ bmðtÞ sinmpx ð50Þ
Substituting Eqs. (49) and (50) into Eqs. (44)–(46) yields
€an þ n4p4an  n2p2Pan ¼ 0 ð51Þ
€bm þm4p4bm m2p2Pbm ¼ 0 ð52Þ
P ¼ 4
m2
e 1
4
p2 n2a2n þm2b2m
   ð53Þ
For static solutions, one neglects the temporal derivative terms
and solves the equations
n4p4an  n2p2Pan ¼ 0 ð54Þ
m4p4bm m2p2Pbm ¼ 0 ð55Þ
We consider the static solutions in the xy-plane with
P ¼ n2p2 and m ¼ 0 ð56Þ
The coefﬁcients of these static solutions can be written as
an ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4e n2p2m2
p
np
for eP
n2p2m2
4
 
ð57Þ
In order to obtain the natural frequencies of the equilibrium conﬁg-
uration, we superpose small harmonic disturbances onto the static
solutions as
aiðtÞ ¼ asi þ adi sinxit ð58Þ
bjðtÞ ¼ bsj þ bdj sinxjt ð59Þ
aSi and b
S
j are the static solutions. After substituting Eqs. (58) and
(59) into Eq. (51), ignoring higher order terms, one obtains the fol-
lowing linearized equation for the case when bSj = 0;
x2i adi sinxit þ i4p4 
4i2p2
m2
e 1
4
n2p2asn
2
 " #
adi sinxit
þ 2i
2n2p4
m2
asna
s
ia
d
n sinxnt ¼ 0 ð60Þ
For the case when i = n, aSi can be replaced by Eq. (57). For such a
case, Eq. (60) yields
x2n ¼ 2n2p2
4e
m2
 n2p2
 
ð61Þ
For the case when i – n, aSi ¼ 0. For this case, Eq. (60) yields
x2i ¼ i2p4ði2  n2Þ ð62Þ
Eqs. (61) and (62) represent the natural frequencies of in-plane
vibration (adi – 0, b
d
j ¼ 0). By a similar approach with use of Eq.
(52), one obtains the natural frequencies of out-of-plane vibration
(adi ¼ 0, bdj – 0) as
x2j ¼ j2p4 j2  n2
	 

ð63Þ
For the static deformation with n = 1, the natural frequencies can be
summarized as follows:
In-plane frequencies: x21 ¼ 2p4ð4em2  p4Þ, x22 ¼ 12p4, x23 ¼ 72p4
Out-of-plane frequencies: x21 ¼ 0, x22 ¼ 12p4, x23 ¼ 72p4
Fig. 6. Relation betweenx21 and end shortening e for the small-deformation theory
(dashed line) and extensible elastica model (solid line).
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vibration increases as the end shortening increases. All others are
independent of e. All the axial forces P corresponding to these
vibration modes are p2, the ﬁrst buckling load. These unreasonable
results are due to the limitation of small-deformation theory.
At the moment when buckling ﬁrst occurs (e = 0.000987), the
natural frequencies are degenerate in pairs. In other words, two
modes correspond to the same natural frequencies, one in-plane
and one out-of-plane. This phenomenon is the same as the one pre-
dicted in the extensible elastica model. The ﬁrst three degenerate
x2 obtained numerically in the extensible elastica model are 0,
1166.6, and 6965.3. The ﬁrst three x2 predicted from small-defor-
mation theory are 0, 1168.9, and 7013.5. The maximum error ofx2
predicted via small-deformation theory is less than 1%.
It is interesting to note that although the small-deformation
theory predicts most of the natural frequencies poorly when the
rod is in the post-buckling range, the ﬁrst in-plane mode with
x21 ¼ 2p4ð4em2  p4Þ appears to be an exception, whose locus is a
straight line with slope inversely proportional to m2 in the x2–e
plane. This does match the behavior of thex21 in Fig. 2 for an exten-
sible elastica. We compare these two loci in Fig. 6 and ﬁnd that the
x21 predicted from small-deformation theory agrees very well with
that of the extensible elastica model in the post-buckling range.
7. Conclusions
In this paper we study the effect of extensibility on the defor-
mation and vibration characteristics of a spatial buckled rod (elas-
tica) under edge thrust and supported by spherical hinges at the
ends. The nonlinear equations of motion are written within the
framework of director theory. Static deformations are calculated
ﬁrst. After proper linearization, the equations for the natural fre-
quencies and mode shapes of a rod under prescribed end shorten-
ing are derived. A shooting method is used to solve for both the
static deformation and natural frequencies. In the limit case when
the static deformation is small, a small-deformation theory taking
into account the axial extensibility is presented and compared
with the elastica model. Several conclusions can be summarized
as follows;(1) Only plane deformation is admissible. The axial extensibility
has little effect on the static deformation, except in the
neighborhood when the rod starts buckling. The buckling
load of an extensible rod is slightly higher than the inexten-
sible one.
(2) There are three types of mode shapes: in-plane, symmetric
out-of-plane, and anti-symmetric (twisting) out-of-plane.
At the onset of buckling, two natural frequencies are degen-
erate in pairs; one out-of plane and one in-plane. As end
shortening increases from zero, the degeneracy is destroyed
and the natural frequencies separate.
(3) Most of the natural frequencies decrease as the end shorten-
ing increases. Only the natural frequency of the ﬁrst in-plane
mode increases as end shortening increases. This mode can-
not exist for an inextensible beam, because it has a constant
sign of curvature and it has no nodes.
(4) In small-deformation theory, the natural frequencies and
mode shapes can be written in closed forms. The natural fre-
quency of the ﬁrst in-plane mode derived from small-defor-
mation theory agrees very well with the one calculated from
the extensible elastica model even in the post-buckling
range. However, all others are found to be independent of
end shortening. This obviously unreasonable result is due
to the limitation of small-deformation theory.
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